A q-analogue of the Bailey–Borwein–Bradley identity  by Hessami Pilehrood, Kh. & Hessami Pilehrood, T.
Journal of Symbolic Computation 46 (2011) 699–711
Contents lists available at ScienceDirect
Journal of Symbolic Computation
journal homepage: www.elsevier.com/locate/jsc
A q-analogue of the Bailey–Borwein–Bradley identity
Kh. Hessami Pilehrood, T. Hessami Pilehrood
Mathematics Department, Faculty of Basic Sciences, Shahrekord University, P.O. Box 115, Shahrekord, Iran
School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box 19395-5746, Tehran, Iran
a r t i c l e i n f o
Article history:
Received 20 October 2010
Accepted 10 December 2010
Available online 3 February 2011
Keywords:
q-analogue
Zeta values
Apéry-like series
Generating function
Convergence acceleration
q-Markov–Wilf–Zeilberger method
q-Markov–WZ pair
a b s t r a c t
We establish a q-analogue of the Bailey–Borwein–Bradley identity
generating accelerated series for even zeta values and prove
q-analogues of Markov’s and Amdeberhan’s series for ζ (3) using
the q-Markov–WZ method.
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1. Introduction
The Riemann zeta function for Re(s) > 1 is defined by the series
ζ (s) =
∞−
n=1
1
ns
= s+1Fs

1, . . . , 1
2, . . . , 2
 1 ,
where
rFt

a1, . . . , ar
b1, . . . , bt
 z = ∞−
n=0
(a1)n · · · (ar)n
(b1)n · · · (bt)n
zn
n!
is the generalized hypergeometric function and (a)n is the shifted factorial defined by (a)n = a(a +
1) · · · (a+ n− 1), n ≥ 1, and (a)0 = 1. It is well-known, due to Euler, that the value of the Riemann
zeta function at an even positive integer can be expressed in terms of π. Namely,
ζ (2m) = (−1)m−1(2π)2m B2m
2(2m)! , m ≥ 1,
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where B2m, the (2m)th Bernoulli number, is rational. Since π is transcendental, it follows that ζ (2m)
is transcendental for m ≥ 1. For odd positive integers no Euler-type formula is known and therefore
determination of the arithmetical nature of the values ζ (2m+ 1) is of great interest.
In 1978, R. Apéry was able to prove that ζ (3) is irrational. Apéry published only a brief sketch
(Apéry, 1979) of the proof of his theorem which was based on the formula
ζ (3) = 5
2
∞−
k=1
(−1)k−1
k3
2k
k
 . (1)
A detailed proof can be found in van der Poorten (1978/1979). An interesting explanation of Apéry’s
proof in terms of the WZ pairs that allow one to derive formula (1) was given by Zeilberger (1993,
2003). The series (1) first obtained byMarkoff (1890) converges exponentially faster than the original
series for ζ (3), since by Stirling’s formula we have
1
k3
2k
k
 ∼ √π
k5/2
4−k (k →+∞).
The similar accelerating convergence series for ζ (2) and ζ (4) are also known:
ζ (2) = 3
∞−
k=1
1
k2
2k
k
 , (2)
ζ (4) = 36
17
∞−
k=1
1
k4
2k
k
 . (3)
The existence of formulas (1)–(3) and intentions to generalize Apéry’s result to other odd zeta values
stimulated an intensive search for similar formulas for ζ (n), n ≥ 5. In 1979, Koecher (1979/1980)
(and independently Leshchiner, 1981) proved the following generating function identity:
∞−
n=0
ζ (2n+ 3)x2n =
∞−
k=1
1
k(k2 − x2) =
1
2
∞−
k=1
(−1)k−1
k3
2k
k
 5k2 − x2
k2 − x2
k−1∏
m=1

1− x
2
m2

, (4)
where x ∈ C, |x| < 1. Expanding the right-hand side of (4) in powers of x2 and comparing coefficients
of x2n on both sides of (4) gives the Apéry-like series for ζ (2n+ 3). In particular, comparing constant
terms (n = 0) recovers Markov’s formula (1) and comparing coefficients of x2 and x4 gives the
following two formulas:
ζ (5) = 2
∞−
k=1
(−1)k+1
k5
2k
k
 − 5
2
∞−
k=1
(−1)k+1
k3
2k
k
 k−1
j=1
1
j2
,
ζ (7) = 2
∞−
k=1
(−1)k+1
k7
2k
k
 − 2 ∞−
k=1
(−1)k+1
k5
2k
k
 k−1
j=1
1
j2
+ 5
2
∞−
k=1
(−1)k+1
k3
2k
k
 k−1
m=1
1
m2
m−1−
j=1
1
j2
,
(5)
respectively. In 1996, inspired by this result, Borwein and Bradley (1996) applied extensive computer
searches on the basis of integer relations algorithms looking for additional zeta identities of this sort.
This led them to the discovery of the new identity (Borwein and Bradley, 1997)
∞−
n=0
ζ (4n+ 3)x4n =
∞−
k=1
k
k4 − x4 =
5
2
∞−
k=1
(−1)k−12k
k
 k
k4 − x4
k−1∏
m=1

m4 + 4x4
m4 − x4

, (6)
which was proved later by Almkvist and Granville (1999). Expanding the right-hand side of (6) in
powers of x4 gives a formula for ζ (4n + 3), which for n ≥ 1 contains fewer summations than the
corresponding formula generated by (4). In particular, for ζ (7) it gives
ζ (7) = 5
2
∞−
k=1
(−1)k+1
k7
2k
k
 + 25
2
∞−
k=1
(−1)k+1
k3
2k
k
 k−1
j=1
1
j4
. (7)
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There exists a bivariate unifying formula for identities (4) and (6)
∞−
k=1
k
k4 − x2k2 − y4 =
1
2
∞−
k=1
(−1)k−1
k
2k
k
 5k2 − x2
k4 − x2k2 − y4
k−1∏
m=1

(m2 − x2)2 + 4y4
m4 − x2m2 − y4

. (8)
It was originally conjectured by H. Cohen and then proved by Bradley (2008) and, independently, by
Rivoal (2004). Their proof consists of reduction of (8) to a finite non-trivial combinatorial identity
which can be proved on the basis of Almkvist and Granville’s work (Almkvist and Granville, 1999).
Another proof of (8) based on application ofWZ pairs (see below)was given by the authors in Hessami
Pilehrood and Hessami Pilehrood (2008b). This identity implies (4) if y = 0, and gives (6) if x = 0.
Since
∞−
k=1
k
k4 − x2k2 − y4 =
∞−
n=0
∞−
m=0

n+m
n

ζ (2n+ 4m+ 3)x2ny4m, |x|2 + |y|4 < 1,
the formula (8) generates Apéry-like series for all ζ (2n + 4m + 3), n,m ≥ 0, convergent at the
geometric rate with ratio 1/4.
For even zeta values, Bailey et al. (2006) showed that
∞−
k=0
ζ (2k+ 2)a2k =
∞−
n=1
1
n2 − a2 = 3
∞−
k=1
12k
k

(k2 − a2)
k−1∏
m=1

m2 − 4a2
m2 − a2

, (9)
for any a ∈ C, |a| < 1. In particular, if a = 0 we get an Apéry-like formula (2) for ζ (2).
In Hessami Pilehrood and Hessami Pilehrood (2008a,b) it was shown that formulas (4)–(9) and
many other generating function identities producing fast convergent series for zeta values can be
proved with the help of the Markov–Wilf–Zeilberger theory.
Unfortunately, a connection between formulas (5), (7) and irrationality proofs is not known. It is
conjectured that all of the numbers ζ (2m + 1), m ≥ 1, are transcendental, but even irrationality of
ζ (5) still remains anopenproblem. The first significant progress in this direction after Apérywasmade
by Rivoal in 2000. Rivoal (2000) proved that ζ (2m+1) is irrational for infinitelymany positive integers
m, and Zudilin (2001) established that at least one of the four numbers ζ (5), ζ (7), ζ (9), ζ (11)must
be irrational.
We now explain how identities (4), (6), (8), (9) can be proved by using Markov–WZ pairs. First we
recall several definitions. We say that a function a(n) is P-recursive if it satisfies a linear recurrence
relation with polynomial coefficients. A function H(n, k), in the integer variables n and k, is called a
hypergeometric term if the quotients
H(n+ 1, k)
H(n, k)
and
H(n, k+ 1)
H(n, k)
are both rational functions of n and k. If for a given hypergeometric term H(n, k), there exists a
polynomial P(n, k) in k of the form
P(n, k) = a0(n)+ a1(n)k+ · · · + aL(n)kL,
for some non-negative integer L, and P-recursive functions a0(n), . . . , aL(n) such that F(n, k) :=
H(n, k)P(n, k) satisfies
F(n+ 1, k)− F(n, k) = G(n, k+ 1)− G(n, k) (10)
with some function G, then a pair (F ,G) is called aMarkov–WZ pair associated with the kernelH(n, k)
(MWZ pair for short).
Considering the Markov–WZ pair (Hessami Pilehrood and Hessami Pilehrood, 2008a, Section 2)
F(n, k) = (−1)n(1+ x)n(1− x)nH(n, k),
G(n, k) = H(n, k) (−1)
n(1+ x)n(1− x)n
(2n+ k+ 2)(2n+ 2) (5(n+ 1)
2 − x2 + k2 + 4k(n+ 1))
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associated with the kernel
H(n, k) = k!
(2n+ k+ 1)!((n+ k+ 1)2 − x2)
proves Koecher’s identity.
The following MWZ pair (Hessami Pilehrood and Hessami Pilehrood, 2008a, Section 4):
F(n, k) = H(n, k) n!
2
(2n)! (1+ 2a)n(1− 2a)n,
G(n, k) = H(n, k)n!(n+ 1)!
(2n+ 2)! (1+ 2a)n(1− 2a)n(3n+ 3+ 2k)
associated with the kernel
H(n, k) = (1+ a)k(1− a)k
(1+ a)n+k+1(1− a)n+k+1
gives a proof of the Bailey–Borwein–Bradley identity.
If we consider the Markov–WZ pair (see Hessami Pilehrood and Hessami Pilehrood, 2008b)
F(n, k) = H(n, k)
2
(−1)n2n
n
 (1± a± b)n(n+ 2+ 2k),
G(n, k) = H(n, k)
4
(−1)n2n
n
 (1± a± b)n
2n+ 1 (5(n+ 1)
2 − a2 − b2 + 6(n+ 1)k+ 2k2)
associated with the kernel
H(n, k) = (1± a)k(1± b)k
(1± a)n+k+1(1± b)n+k+1
we derive the following identity:
∞−
k=1
k
(k2 − a2)(k2 − b2) =
1
2
∞−
n=1
(−1)n−1(5n2 − a2 − b2)(1± a± b)n−1
n
2n
n

(1± a)n(1± b)n
.
Here and below, (u± v±w)means that the product contains the factors u+ v+w, u+ v−w, u−
v + w, u− v − w. If we now put
a2 = x
2 +x4 + 4y4
2
, b2 = x
2 −x4 + 4y4
2
,
we get the bivariate identity (8) conjectured by H. Cohen.
The aimof the present paper is to establish a q-analogue of the Bailey–Borwein–Bradley identity (9)
and to prove a family of q-analogues ofMarkov’s formula (1) for ζ (3) using the q-Markov–WZmethod.
The formulas found imply that the q-extensions of generating function identities for odd zeta values
(4), (6), (8), if they exist, are likely to be rather complicated.
2. q-analogues of zeta values
Throughout the paper unless otherwise stated we assume that 0 < q < 1. The q-analogue of a
positive integer n is
[n]q = 1− q
n
1− q =
n−1
k=0
qk,
the q-shifted factorial is defined by the product
(a; q)n =

1, n = 0;
(1− a)(1− aq) · · · (1− aqn−1), n ∈ N,
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and the q-binomial coefficient is given by the ratio[
n
k
]
q
= (q; q)n
(q; q)k(q; q)n−k n, k ∈ Z, n ≥ k ≥ 0.
We define a q-analogue of the Riemann zeta function following the work of Kaneko et al. (2003):
ζq(s) =
∞−
n=1
qn(s−1)
[n]sq
, Re s > 1.
This definition is natural in view of the equality
ζq(s) =
∞−
n=0
(q; q)sn
(q2; q)sn
q(n+1)(s−1) = qs−1s+1φs

q, . . . , q
q2, . . . , q2
; q, qs−1

,
where
rφt

a1, . . . , ar
b1, . . . , bt
; q, z

=
∞−
n=0
(a1; q)n · · · (ar; q)n
(b1; q)n · · · (bt; q)n(q; q)n z
n((−1)nqn(n−1)/2)1+t−r
is the basic hypergeometric series. The ordinary hypergeometry is a limiting case of the basic one:
lim
q→1
(qa; q)n
(qb; q)n =
(a)n
(b)n
.
Therefore, we get for Re s > 1
lim
q→1 ζq(s) = ζ (s).
As proved in Kaneko et al. (2003), ζq(s) has a simple pole at s = 1 with the residue (q − 1)/ log q,
which converges to 1 as q → 1. This agrees with the well-known fact that the Riemann zeta function
ζ (s) has a simple pole at s = 1 with the residue 1.
Another possibleway to q-extend the values of the Riemann zeta function at positive integers reads
as follows (see (Zudilin, 2002)):
ζq(k) = ∞−
ν=0
σk−1(ν)qν =
∞−
n=0
nk−1qn
1− qn =
∞−
n=0
qnρk(qn)
(1− qn)k , k = 1, 2, . . . ,
where σk−1(ν) = ∑d|ν dk−1 is the sum of powers of the divisors and the polynomials ρk(x) ∈ Z[x]
can be determined recursively by the formulas ρ1 = 1 and ρk+1 = (1+ (k− 1)x)ρk + x(1− x)ρ ′k for
k = 0, 1, 2, . . . .Moreover, the following limit relations:
lim
q→1(1− q)
kζq(k) = ρk(1) · ζ (k) = (k− 1)! · ζ (k), k = 2, 3, . . . ,
hold. For integer values k ≥ 2, it can be shown (see Kaneko et al., 2003, p. 185) that
ζq(k) = (1− q)k
∞−
n=1

n
k− 1

qn
1− qn =
(1− q)k
(k− 1)!
∞−
n=1
n(n− 1) · · · (n− k+ 2) q
n
1− qn
= (1− q)
k
(k− 1)! (
ζq(k)+ k−1
j=1
Ajζq(j)),
where Aj ∈ Q. In particular,
ζq(2) = (1− q)2
∞−
n=1
nqn
1− qn = (1− q)
2ζq(2)
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and
ζq(3) = (1− q)
3
2
∞−
n=1
n(n− 1) q
n
1− qn =
(1− q)3
2
(ζq(3)−ζq(2)).
There are a lot of open questions concerning irrationality of the q-zeta values defined above. These
problems are extensions of the corresponding problems for ordinary zeta values. So far, for q−1 ∈
Z \ {±1} onlyζq(1) andζq(2k), k ∈ N, have been shown to be irrational. Erdős (1948) proved thatζ1/2(1) is irrational in 1948. The irrationality ofζq(1) for q−1 ∈ Z \ {±1} was proved by Borwein
(1991, 1992). Another proof of this fact with the help of q-WZ pairs was given by Amdeberhan
and Zeilberger (1998). The irrationality of ζq(2) (and therefore of ζq(2)) was proved by Duverney
(1995). The transcendence ofζ (2k), k ∈ N, follows from a general result of Nesterenko Nesterenko
(1996). The linear independence of the three values 1,ζq(1),ζq(2) was proved by various methods
in Bundschuh and Väänänen (2005), Zudilin (2005) and Postelmans and Van Assche (2007). In 2003,
Krattenthaler et al. (2006) proved that there are infinitely manyζq(2k + 1) which are irrational, and
that at least one of the five numbersζq(3),ζq(5),ζq(7),ζq(9),ζq(11) is irrational for q−1 ∈ Z \ {±1}.
Recently, Jouhet and Mosaki (2010) improved this result and showed that at least one of the four
valuesζq(3),ζq(5),ζq(7),ζq(9) is irrational.
3. A q-analogue of the Bailey–Borwein–Bradley identity
First we recall several definitions and known facts related to the q-Markov–WZ method (see
Mohammed, 2005). An expressionH(n, k), in the integer variables n and k, is called a q-hypergeometric
term if the quotients
H(n+ 1, k)
H(n, k)
and
H(n, k+ 1)
H(n, k)
are both rational functions with respect to qk and qn. If for a given q-hypergeometric term H(n, k),
there exists a polynomial P(n, k) in qk of the form
P(n, k) = a0(n)+ a1(n)qk + · · · + aL(n)qkL, (11)
for some non-negative integer L, and P-recursive functions of variable qn, a0(n), . . . , aL(n) such that
F(n, k) := H(n, k)P(n, k) satisfies (10) with some function G, then a pair (F ,G) is called a q-Markov–
WZ pair associated with the kernel H(n, k) (q-MWZ pair for short). We call G(n, k) a q-MWZ mate of
F(n, k).
Proposition (Mohammed, 2005, Th. 7.2, 7.3). For the q-Markov–WZ pair (F ,G), we have
(i)
∞−
k=0
F(0, k)− lim
L→∞
∞−
k=0
F(L, k) =
∞−
n=0
G(n, 0)− lim
K→∞
∞−
n=0
G(n, K),
(ii)
∞−
k=0
F(0, k) =
∞−
n=0
(F(n, n)+ G(n, n+ 1))− lim
K→∞
∞−
n=0
G(n, K),
provided that both sides converge.
Now we can prove a q-analogue of the Bailey–Borwein–Bradley identity (9).
Theorem 1. Let a be a complex number, with |a| < 1. Then for the generating function of the sequence
{ζq(2k+ 2)}k≥0, we have
∞−
k=0
ζq(2k+ 2)a2k =
∞−
n=1
qn
[n]2q − a2q2n
=
∞−
n=1
qn
2
(1+ 2qn)2n
n

q([n]2q − a2q2n)
n−1∏
m=1
[m]2q − a2(qm + 1)2
[m]2q − a2q2m
.
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In particular,
ζq(2) =
∞−
n=1
qn
2
(1+ 2qn)2n
n

q[n]2q
.
Proof. We consider the q-hypergeometric term
H(n, k) = qk(2n+1) (q± aq(1− q); q)k
(q± aq(1− q); q)n+k+1 (12)
and define the function F(n, k) = H(n, k)P(n, k),where P(n, k) is a polynomial in qk of degree L1 with
unknown coefficients as functions of qn.We are interested in finding a q-Markov–WZ pair associated
with H(n, k). From the equality
F(n+ 1, k)− F(n, k) = q
k(2n+1)(q± aq(1− q); q)k
(q± aq(1− q); q)n+k+2 P1(n, k),
where P1(n, k) is a polynomial in qk of degree L1+ 2, it follows that we can determine a q-MWZmate
of F(n, k) in the form G(n, k) = H(n, k)Q (n, k),where Q (n, k) is a polynomial in qk of degree L2 with
unknown coefficients as functions of qn. Indeed, for such a choice we have
G(n, k+ 1)− G(n, k) = q
k(2n+1)(q± aq(1− q); q)k
(q± aq(1− q); q)n+k+2 Q1(n, k),
where Q1(n, k) is a polynomial in qk such that degQ1(n, k) = L2 + 2, if L2 ≠ 1, and degQ1(n, k) =
L2 + 1, if L2 = 1. Therefore, (F ,G) is a q-Markov–WZ pair iff
P1(n, k) = Q1(n, k) identically for all n, k. (13)
This implies that either L1 = L2 and L2 ≠ 1, or L1 = 0, L2 = 1.On the other hand, equating coefficients
of powers of qk on either side of (13) we get a system of L1 + 3 linear homogeneous equations with
L1+L2+2 unknowns. In order to guarantee a solution, we should at least have that L1+L2+2 ≥ L1+3
and hence L2 ≥ 1. We now show that there is a non-zero solution of (13) with the optimal choice
L2 = 1, L1 = 0. To see this, define two functions
F(n, k) = H(n, k)A(n), G(n, k) = H(n, k)(B(n)+ C(n)qk),
with three unknown coefficients A(n), B(n), C(n) as functions of qn. Substituting F ,G into (10) and
dividing both sides by qk(2n+1) (q±aq(1−q);q)k
(q±aq(1−q);q)n+k+2 we get that (10) is equivalent to the following equation
of degree 2 in the variable qk:
q2kA(n+ 1)− (1− qn+k+2 ± aqn+k+2(1− q)) · A(n) = q2n+1(1− qk+1 ± aqk+1(1− q))
×(B(n)+ C(n)qk+1)− (1− qn+k+2 ± aqn+k+2(1− q)) · (B(n)+ C(n)qk). (14)
Equating all the coefficients of the powers of qk to zero in (14), we get a system of first-order linear
recurrence equations with polynomial coefficients in qn for A(n), B(n), C(n):
A(n)= (1− q2n+1)B(n),
A(n)= (1− qn)B(n)− 1−q2n+2
2qn+2 C(n),
A(n+ 1)= q2n+3(1− a2(1− q)2)(qA(n)+ (1− q)B(n))+ 2qn+2(1− qn+1)C(n).
Resolving this system with respect to A(n)we get
B(n)= 1
1− q2n+1 A(n),
C(n)= −2q
2n+2
(1+ qn+1)(1− q2n+1)A(n),
A(n+ 1)= q
2n+3(1− q)2[n+ 1]2q([n+ 1]2q − a2(1+ qn+1)2)
[2n+ 1]q[2n+ 2]q A(n).
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If we put A(0) = q(1− q)2, then
A(n) = q
(n+1)2(1− q)2n+22n
n

q
n∏
m=1
([m]2q − a2(1+ qm)2),
and a q-Markov–WZ pair associated with the kernel (12) has the form
F(n, k) = q
(n+1)2+k(2n+1)(1− q)2n+22n
n

q
(q± aq(1− q); q)k
(q± aq(1− q); q)n+k+1
n∏
m=1
([m]2q − a2(1+ qm)2)
G(n, k)= q
(n+1)2+k(2n+1)(1− q)2n+1(1+ qn+1 − 2qk+2n+2)2n+2
n+1

q
[n+ 1]q
(q± aq(1− q); q)k
(q± aq(1− q); q)n+k+1
×
n∏
m=1
([m]2q − a2(1+ qm)2).
Now by the first summation formula from the proposition we have
∞−
k=0
F(0, k) =
∞−
n=0
G(n, 0)
yielding the theorem. 
Applying the second summation formula to the pair (F ,G) we get a q-analogue of Hessami
Pilehrood and Hessami Pilehrood (2008a, Theorem 2) and as a special case, a q-analogue of the
Zeilberger series for ζ (2) (Zeilberger, 1993, Section 12):
ζ (2) =
∞−
n=1
21n− 8
n3
2n
n
3 .
Theorem 2. Let a be a complex number, with |a| < 1. Then for the generating function of the sequence
{ζq(2k+ 2)}k≥0, we have
∞−
k=0
ζq(2k+ 2)a2k =
∞−
n=1
q3n
2−3n+1p(n)2n
n

q[n]q([n]2q − a2q2n)([2n]2q − a2q4n)
n−1∏
m=1
[m]2q − a2(qm + 1)2
[n+m]2q − a2q2(n+m)
,
where
p(n) = (3q4n−1 + 6q3n−1 − q2n + 8q2n−1 − 4qn + 8qn−1 + 1)[n]3q
−8qn[n]2q − a2q4n−1((3q2n + 4qn − q+ 3)[n]q − 2).
In particular,
ζq(2) =
∞−
n=1
q3n
2−3n+1((3q4n−1 + 6q3n−1 − q2n + 8q2n−1 − 4qn + 8qn−1 + 1)[n]q − 8qn)2n
n
3
q [n]3q
.
4. q-analogues of Markov’s formula for ζ(3)
Mohammed (2005) showed that for any q-proper hypergeometric kernelH(n, k), that is a function
of the form
H(n, k) =
s∏
i=1
Q (ain+ bik, ci)
t∏
j=1
Q (ujn+ vjk, wj)
qan
2+bnk+ck2+dk+enξ k,
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where Q (m, c) = (1 − cq)(1 − cq2) · · · (1 − cqm) = (cq; q)m, there exists a non-negative integer
L and a polynomial P(n, k) in the form (11) such that F(n, k) = H(n, k)P(n, k) has a q-MWZ mate
G(n, k) = F(n, k)Q (n, k),where Q (n, k) is a ratio of two P-recursive functions in (qn, qk).
Paper Mohammed (2005) is accompanied by the Maple package q-MarkovWZ which, for a given
H(n, k), outputs the desired P(n, k) = ∑Li=0 ai(n)qki and G(n, k). Actually, the output consists of a
transition matrix A between the ai’s at n and the ai’s at n+ 1
(a0(n+ 1), . . . , aL(n+ 1))T = A(a0(n), . . . , aL(n))T ,
which denotes the ai(n)’s subject to the initial conditions, and a vector of bi’s, rational functions in
the variables qn and qk, whose dot product with the ai(n)’s multiplied by H gives the q-MWZ mate
G(n, k) = H(n, k)∑Li=0 ai(n)bi(n, k).
The Maple package q-MarkovWZ works only with a q-proper hypergeometric kernel of the form
H(n, k) =
s∏
i=1
(q; q)ain+bik+ci
t∏
j=1
(q; q)ujn+vjk+wj
qα1n
2+α2n+α3nk+α4qβ1k
2+β2k+β3ξ k,
where ai, bi, ci, ui, vi, wi, αi, βi are non-negative specific integers and ξ ∈ R. This means that
identities of Theorems 1 and 2, for example, cannot be obtained by running the Maple package
q-MarkovWZ. Therefore it would be useful for applications to extend the existing program package
so that q-shifted factorials could be allowed in a q-hypergeometric term. Since, however, it is always
possible to apply it to a pure q-series that does not contain any additional parameters, we proceed
below with one such application.
We consider a q-analogue of ζ (3),
ζq(3) =
∞−
n=1
q2n
[n]3q
, |q| < 1,
or changing q to q−1 for simplicity in the sequel,
ζq(3) = 1q3
∞−
n=1
qn
[n]3q
, |q| > 1.
We take the kernel
H(n, k) = (q; q)kq
k
(q; q)2n+k+1(1− qn+k+1)2 , |q| > 1,
and corresponding to this kernel determine a q-Markov–WZ pair (F ,G). Applying the Maple package
q-MarkovWZ (Mohammed, 2005), we see that F(n, k) is of the form F(n, k) = H(n, k)(a0(n) +
a1(n)qk),where
a0(n+ 1)
a1(n+ 1)

=

0 (qn+1 − 1)2q−2n−1
−q2(qn+1 − 1)2 −2(qn+1 − 1)2q1−n

a0(n)
a1(n)

(15)
and the corresponding q-MWZ mate of F(n, k) is G(n, k) = H(n, k)(a0(n)b0(n, k) + a1(n)b1(n, k))
with
b0(n, k) = q
4n+2k+4 − q2n+k+2 − 2qn+k+1 + qk + 1
qk(qn+1 − 1)(qn+1 + 1)(q2n+k+2 − 1) ,
b1(n, k) = (1+ 2q5n+k+4 + q4n+k+4 − 4q4n+k+3 + 3q2n+k+2 − 2qn+k+1 + 2q5n+2k+4
+ q4n+2k+4 − 2q6n+2k+5 − 2q5n+2k+5 + q4n+2k+3 + q8n+3k+7 − 2qn+1 + 2q3n+2
− q4n+3 − q6n+3k+5)/(q2n+k+2(q2n+1 − 1)(q2n+2 − 1)(q2n+k+2 − 1)).
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Considering solutions of (15) with different initial conditions we get a family of q-analogues of
Markov’s formula (1) for ζ (3).
Solving system (15) with the initial conditions a0(0) = 1, a1(0) = 0 we find
a0(n)= (−1)n−1(n− 1)(q; q)2nq−n(n−1)/2, n ≥ 1,
a1(n)= (−1)nn(q; q)2nq2−(n−1)(n−2)/2, n ≥ 0. (16)
(Formulas (16) can be proved by induction on n.) It is not hard to check that (F ,G) is indeed a q-MWZ
pair, i.e.,
F(n+ 1, k)− F(n, k) = G(n, k+ 1)− G(n, k). (17)
Now by the first part of the proposition, we get
∞−
k=0
F(0, k) =
∞−
n=0
G(n, 0) =
∞−
n=0
H(n, 0)(a0(n)b0(n, 0)+ a1(n)b1(n, 0)). (18)
Taking into account that
b0(n, 0) = q
2n+2 + 2qn+1 + 2
(qn+1 + 1)2 ,
b1(n, 0) = q
4n+4 + 2q3n+3 + q2n+3 + 2qn+1 + q2 − 2q
q2n+2(qn+1 + 1)2 +
(q− 1)2
q2n+2(q2n+2 − 1)(qn+1 + 1)2
and simplifying (18) we get
∞−
k=0
qk
(1− qk+1)3 =
∞−
n=0
(−1)nq−n(n−1)/22n+2
n+1

q
(1− qn+1)3(1+ qn+1)

q2n+2 + 2qn+1 + 2
+ n

qn+1(qn+1 − 1)(qn+1 + 2)+ q
2n+3 − 1
qn+1
+ (q− 1)
2qn
q2n+1 − 1

, |q| > 1.
Changing q to q−1 we have
ζq(3) =
∞−
n=1
q2n
[n]3q
=
∞−
n=1
(−1)n−1qn(3n−1)/22n
n

q[n]3q(1+ qn)

qn + 2q2n + 2q3n
+ n(1− q)

(1+ 2qn)[n]q + q2n−1[2n+ 1]q + q
4n−2
[2n− 1]q

, |q| < 1. (19)
Starting with the initial conditions a0(0) = 0, a1(0) = 1 we get the following solution of (15):
a0(n)= (−1)n−1n(q; q)2nq−1−n(n−1)/2, n ≥ 0,
a1(n)= (−1)n(n+ 1)(q; q)2nq1−(n−1)(n−2)/2, n ≥ 0.
Then by (18), after simplifying we get
∞−
k=0
q2k
(1− qk+1)3 =
∞−
n=0
(−1)nq1−n(n−1)/22n+2
n+1

q
(1− qn+1)3(1+ qn+1)

q3n+3 + 2q2n+2 + qn+2 + 2
+ nqn+1(qn+1 − 1)(qn+1 + 2)+ nq
2n+3 − n− 1
qn+1
+ (n+ 1)(q− 1)
2qn
q2n+1 − 1

, |q| > 1,
or
∞−
n=1
qn
[n]3q
=
∞−
n=1
(−1)n−1qn(3n−1)/22n
n

q[n]3q(1+ qn)

1+ 2qn + q2n−1 + 2q3n − q4n
+ (1− q)

n(1+ 2qn)[n]q + nq2n−1[2n+ 1]q + (n+ 1)q
4n−2
[2n− 1]q

, |q| < 1. (20)
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Note that any linear combination of the series figuring on the left of (19), (20)
∞−
n=1
α1q2n + α2qn
[n]3q
, |q| < 1, α1 + α2 ≠ 0,
can be considered as a q-analogue of ζ (3), since
lim
q→1−
∞−
n=1
α1q2n + α2qn
[n]3q
= (α1 + α2)ζ (3),
and therefore summing formulas (19), (20) multiplied by arbitrary constants we get an infinite family
of different q-analogues of Markov’s formula (4), among which formula (19) has the simplest form. In
particular, if we take α1 = α2 = 1 we get a q-analogue of Markov’s series (1) for
ζq(3) = ∞−
n=1
q2n + qn
(1− qn)3 =
1
(1− q)3
∞−
n=1
q2n + qn
[n]3q
.
5. A q-analogue of Amdeberhan’s series for ζ(3)
In this section we obtain a q-analogue of the accelerated series
ζ (3) = 1
4
∞−
n=1
(−1)n−1 56n
2 − 32n+ 5
n3(2n− 1)22nn 3nn 
found by Amdeberhan (1996). To do this, we apply the second summation formula from the
proposition to the q-Markov–WZ pair constructed in (17). Then we get
∞−
k=1
qk−1
(1− qk)3 =
∞−
n=0
(F(n, n)+ G(n, n+ 1)) =
∞−
n=0
(−1)n(q; q)3nq−n−1−n(n−1)/2
(q; q)3n+3(q2n+1 − 1)2(1+ qn+1)2
×(q2n+1(nq2n+1 − n+ 1)(1− q3n+2)(1− q3n+3)(1+ qn+1)2
+ (q2n+1 − 1)(nq8n+7 + nq7n+6 + q6n+5 − (2n− 1)q5n+4 − (n+ 1)q4n+4
−(n− 2)q4n+3 − q3n+3 + (n+ 1)q3n+2 − 2q2n+2 − qn+1 + n), |q| > 1,
or after changing q to q−1 we have
ζq(3) =
∞−
k=1
q2k
[k]3q
=
∞−
n=1
(−1)n−1q7n(n−1)/2+1p(n)2n
n

q
3n
n

q[n]3q[2n− 1]2q(1+ qn)2
, |q| < 1,
where
p(n) = [2n− 1]2qq4n−1(1+ qn + 2q2n + q3n)+ [3n− 1]q[3n]qq2n−1(1+ qn)2
+ (1− q)(n− 1)(1+ qn)((1+ qn)[3n− 1]q[3n]q
− q2n−1[n]q([n]q + [2n]q − [3n]q − [4n− 1]q − [6n− 1]q)).
6. Concluding remarks
Note that while accelerated series for ordinary zeta values have a geometric rate of convergence
because of the appearance of binomial coefficients in denominators of the general terms, the
accelerated q-series for q-zeta values converge much faster in view of the quantity qan
2
being
contained in the nth general form of the series. The q-binomial coefficient
cn
dn

q does not influence
the speed of convergence since from the asymptotic formula for the q-factorial (see Mansour, 2006)
[n]q! = (q; q)n
(1− q)n = [2]
1/2
q Γq2(1/2)(1− q)−1/2−ne
θqn+1
(1−q)−qn+1 , 0 < θ < 1,
it follows that
cn
dn

q = O(1) as n →∞.
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Another remark is concerned with the fact that if (F ,G) is a q-Markov–WZ pair, then Fs(n, k) :=
F(sn, k) and Gs(n, k) :=∑s−1i=0 G(sn+ i, k), s ∈ N, satisfy (see Amdeberhan and Zeilberger, 1997)
Fs(n+ 1, k)− Fs(n, k) = Gs(n, k+ 1)− Gs(n, k)
and therefore we get the following summation formula:
∞−
k=0
F(0, k) =
∞−
n=0
(F(sn, n)+
s−1
i=0
G(sn+ i, n+ 1))− lim
K→∞
∞−
n=0
s−1
i=0
G(sn+ i, K), (21)
which for s = 1 coincides with the formula (ii) from the proposition. By application of formula (21)
with s > 1 to the q-Markov–WZ pairs constructed in Sections 2 and 4, one can derive additional
acceleration formulae for the q-analogues of ζ (2) and ζ (3). These new q-series, in general, converge
faster as the parameter s increases.
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